
Quantum transport in the coupled multichannel case

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1993 J. Phys.: Condens. Matter 5 5019

(http://iopscience.iop.org/0953-8984/5/28/016)

Download details:

IP Address: 171.66.16.96

The article was downloaded on 11/05/2010 at 01:31

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0953-8984/5/28
http://iopscience.iop.org/0953-8984
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


1. Phys.: Condens. Matter 5 (1993) 5019-5026. Frinted in the UK 
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Abstrad. We give a phenomenological formula for interedge channel scanering (m) in the 
multichannel case, The equilibrium length over which the population of different channels is 
equilibrated is extracte.d from the experiments. The four-terminal resistances for the Uansport 
through edge and bulk cumns are calculated in real conductors by taking into account scattering 
which equilibrates different mspoti channels. Negative resismces are found in the simulation. 
This makes it clear Ihat the mxistenceof bulk and edge states, together with interedge Scattering, 
is the origin of the negahve resisrances observed in a variety of samples. 

1. Introduction 

Since the pioneering work of von Klitzing er a1 [l] the quantum Hall effect (QHE) has 
presented a major challenge. The QHE is usually treated by invoking the presence of 
localized states [2]. However, the recently developed Landauer-Biittiker formalism I 3 4 1  
has proved useful in understanding two-dimensional electron systems in the QHE regime, 
especially the anomalous QHE in high magnetic field. The edge channel picture rests on the 
idea that the current is carried by the edge states.which are located at the boundaries of the 
sample. These channels carry a current I = (2e /h)Ap because of the cancellation of one- 
dimensional group velocity and state density; here A p  is the chemical potential difference 
between the two edge channels on the opposite sides of the sample. Under the equilibrium 
condition, the channels are equally populated according to the chemical potential of the 
contact and the normal QHE is obtained. However, for the non-equilibrium transport i.e. 
incomplete occupation of one or more edge channels, deviation f" ideal quantization can 
be detected. 

Many experiments which aim at studying the anomalous Hall and longitudinal 
resistances have appeared. The results can be well understood in the edge channel picture 
by addressing the role of contacts and the long equilibrium length between edge states [IO- 
141. In the usual experiments, non-equilibrium is achieved by gate-induced backscattering 
or by selective population and detection of edge states with the help of quantum point 
contacts, and the geometric length is smaller than the equilibrium length l,, so that the 
effect of interedge channel scattering can be neglected. However, when l ,  is comparable 
with/longer than the Hall bar length, the effect of interedge channel scattering (IES) on the 
evolution of chemical potentials of the channels may be important. Theoretical work on 
IES by considering impurity, disorder and phonon scattering does show suppression of IES 
in a high magnetic field [15-171. The IES depends on boundary potential. The commonly 
used parabolic potential cannot explain the extremely long 1, between topmost and lower 

t Mailing address. 
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channels, because it gives equal spatial separation between the edge channels. The soft 
boundary is required, and it can explain the resistance anomalies in a ballistic junction [NI. 
Recent experiments using light illumination showed that a steeper boundary could reduce 
leq [19].  Therefore, to study the measured resistances in a real conductor, it is useful to 
extract les from experiments. 

The non-equilibrium population can be realized when the topmost channel undergoes 
backscattering. This is the case in the Shubnikov-de Haas (SdH) oscillation regime. The 
SdH oscillations appear when the Fermi energy level of the two-dimensional electron system 
coincides with the bulk Landau level. It is believed that in this situation the topmost channel, 
which is localized at the sample boundary, will spread into the bulk. Backscattering between 
the topmost channels on opposite sites of the sample occurs. At the same time the topmost 
channel decouples from the other edge states due to a decrease in the scattering rate between 
them [12]. Backscattering is also possible in very narmw channels when there is overlap 
of edge states on opposites or by tunnelling via impurity or disorder, especially for devices 
with low mobility and in very narrow Hall bars [20.21]. In the above situation, edge and 
bulk states can both contribute to the transport. This may be the origin of the negative local 
and non-local four-terminal resistance ( ~ m ,  "R) found experimentally. The non-ideal 
contacts which have different transmission probabilities for incident and outgoing channels 
may also contribute to this [22,23]. In a usual experimental sample, both these effects 
can cause anomalous resistances. At very low temperature, the inelastic scattering length 
will be large. Strictly speaking, all the probes are non-ideal, i.e., electrons which enter 
the contacts cannot relax their energies completely, and anomalous temperaturedependent 
resistances can be observed [21]. Backscattering can be modelled by using a banier which 
lets the topmost channel transmit partially and other channels transmit freely L13.241. In 
this paper, we report the calculated four-terminal resistance (ms)  in the transport through 
edge and bulk currents by taking info account ES. We will show that negative N m  and 
even L F ~  are possible by taking ES into account Generally, backscattering reduces the 
chemical potential of the topmost channel at the higher-energy site, while IES will cause 
an increase of the chemical potential. These two competing factors make it possible to 
explain the anomalous chemical potential distribution among contacts and to obtain negative 
resistances. In section 2 we will build up the formulae which describe the evolution of the 
chemical potentials due to IES, and deduce the scattering length from the experiment in a 
three-channel case. The theoretical approach for the regime with edge and bulk states is 
arranged in section 3, and in section 4 we will give the calculated results for real conductors. 
As a conclusion, a brief summary is given at the end of the paper. 

2. Relationship between interedge scattering length and chemical potentials 

The one-dimensional edge channels which are located at the boundaries of the sample in 
a quantizing magnetic field will circulate along the periphery and enter the contact where 
energy relaxation takes place. If they are equally populated, the chemical potentials will 
remain unchanged during travelling. When there is some difference at the beginning, there 
will be exchange of electrons between them due to possible scattering from impurities, 
disorders, roughness and phonons. The IES length is proportional to exp(Ax*/Z!;) [IS]. 
where I8 = @ / e l l ) ' / *  is the magnetic length and Ax is the spatial separation between 
neighbouring edge channels. The larger A x  the longer is leq. So we will only consider IES 
in nearest-neighbour channels. 

Suppose that there are n channels with chemical potentials p10. . . ., p t ~ .  . . ., pL,0 at a 
given position. say yo = 0. The electrons travel along the boundaries to a position y. the 
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chemical potentials become pl, . .., f i i ,  . , .. pn. We may use the differential equation to 
find the evolutionf 

api 
(1) _ = -  (pi - f i i - ~ ) / l i - l , i  - (pi  -~ i+i ) / l i , i+ i  

a y  
where li-t,i (i = 1, 2, ..., n) is the equilibrium scattering length between the ith and (i- 1)th 
channel. The above equation can be solved when the chemical potentials at yo = 0 are given. 
For simplicity, we will give the analytical forms in the three-channel case, 

@ ~ ( y )  =a.+Bh;e"1Y1+yA;e"3Y' 

W ( Y )  = U +Be ( X U )  t y e ( A , ~ )  (2) 

p3(y) = a. +BA; e'h2y1 t yA3 rt e ( A I Y I  

where U, @ and y are functions of 112, 1x3 and p10, ~ 2 0 ,  p a ;  while Az, A;, A;, A3, A;, A! 
are the functions of 112 and lu. 

Most experiments have focused on the two-channel case or cannot be compared with 
theory quantitatively. The only experiment which gave the data in detail for the three- 
channel case was reported in [12]. Here we will briefly describe that experiment. Alphenaar 
et ul used two point contacts to realize selective population and detection, and measured 
the Hall resistance. (The separation between the two point contacts is not so long that 
deviations from the exact value can be detected in the experiment.) It is easy to express the 
Hall resistance RH based upon the Landauer-Biittiker formalism as RH = (xi Tipi) /TeJ.  
Here pi is the chemical potential and 7; is the transmission probability of the ith channel 
incident on the non-ideal voltage probe. T = xi T, is the total transmission probability of 
the three incident channels. If the non-ideal current probe only populates the first channel, 
i.e. plo = ( h / 2 e ) J ,  f i t0  = p30 = 0, and let the non-ideal voltage contact probe the first 
or the first two channels, from the measured resistances we obtain = 0.48(h/2e)J, 
pz = 0.44(h/2e)J and p3 = 0.08(h/2e)J for a separation of 80 pn. Data are also deduced 
for separation distances of 130 pm and 210 pm at 0.45 K. Then we extract 112 = 39.6 pm 
and 123 = 319 pm by the method of minimum squares. These parameters are consistent 
with the theoretical calculation [16,17]. It should be pointed out that the equilibrium length 
defined by us is as twice as that of [ 161. Komiyama ef ul only considered the two-channel 
case and used a single equation to link the difference of the chemical potentials between 
two channels with the equilibrium length. The equilibrium length is reduced drastically as 
the temperature increases, e.g. 123 from 319 pm at 0.45 K to 25 pm at 4.2 K, while 112 
changes more slowly, from 39.6 pm to 19 pm. 

3. Theoretical approach for transport through edge and bulk states 

In the SdH regime, the topmost channel suffers backscattering which is similar to putting 
a barrier in the Hall bar. The electrons in the topmost channel pass the barrier with 
transmission probability f ,  and the transmission probability in each section is related to 
an intensive parameter i.e. the resistivity of the topmost channel, by the Landauer 
formula [13]. If we divide each section into many segments, each segment has the same ratio 

t The current carried by the ith channel is (2efh)pi. The change in the number ofdecwns in the ith channel is 
accompanied by a change in the current Then the change of the chemical pofential is proportional lo the change 
in the numkr of elecuons. The formulae is easily obtained by defining the LES length. 
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Figure 1. (a )  Schematic of an eight-probe Hall measuremenf and ten sections in which UE 
topmost channel suffers backscanering. (b)  Tk reservoir and a barrier with bansmission 
and refledion probabilities. (c )  W O  barriers in a section with no contact attached and Le 
transmission of the topmost channel. 

of length to width. Then each segment acting as a barrier will have the same transmission 
probability for the topmost channel. In other words, here t is an intensive parameter. 

For the case with N t 1 channels, only the N + lth is backscattered. Following 
Komiyama and by using current conservation and the Landauer-Biittiker formalism, two 
equations which relate the chemical potentials of the outgoing channels to those of the 
incident channels can be written (with an ideal contact attached, see figure I(b)) as [ I  1,241 

( i = 1 . 2 .  ..., N )  

where pi, p; are the chemical potentials of the ith incident and outgoing channels, and 
p , ~ + l ,  &+, are the incident and outgoing chemical potentials for the topmost channel. 
C p i  represents the sum of chemical potentials of all the N lower incident channels, t and 
r ( = I - t )  are the transmission and reflection probabilities for each barrier, and nj is the 
number of the barriers in the j t h  section. (In the following calculations, we have chosen 
f l j  = Lj /Wj .  Here Lj, Wj are the length and width in the j t h  section.) Obviously, the 
chemical potential of the contact is equal to that of the lower N channels for the reason 
that the lower N channels transmit the barrier freely and the contact is ideal. A typical 
Hall measurement is like figure l (a) .  Ten sections where backscattering happens should 
be considered. We will denote them as A, B, C, D, E, F, G, H, K and L. The above two 
equations can correctly describe the chemical potentials of the ten sections except for K and 
L. In regions K and L no contacts are attached as shown in figure l(c). Current conservation 
requires I241 

where nx is the number of barriers in section K. p:;, and p(Nu\I are the chemical potentials 
of the N+lth channel for the outgoing one at the lower side and for the incident one 
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at the upper side. All the above three equations together with equations (1) and (2) are 
mathematically complete and can be solved to obtain potentials of any contacts in any 
configuration, and hence resistances and energy exchanges between bulk and edge currents 
WI. 

4. Calculations of local and non-local resistances 

Recent experiments revealed many novel phenomena for the transport in low-dimensional 
electron systems. Among these are the anomalous FTRS in strong magnetic fields. It 
is believed that these phenomena appear when there is co-existence of bulk and edge 
states. By using a non-ideal contact, Takaoaka et a1 found that the negative F i a s  were 
produced by unequal population and transmission probability from the contact [22,23]. 
However, negative resistances were also found in narrow systems with ideal contacts. To 
our knowledge, there is no quantitative explanation for this problem to date. Below we will 
show that transport through bulk and edge states as well as IES can explain it  well. 

Let us denote an FTR in a multiprobe sample by Rij ,kr  = (& - p d / e J ,  where pk - P I  

is the chemical potential difference between contacts k and I ,  and the current is transmitted 
from contacts i to j. Though a number of papers have been published on this aspect, only 
a few of them are available for comparison with the theory. Some of them have not given 
the geometrical length or cannot know the IES length. Our calculations are focused on [13] 
and [22]. 

4.1. Local four-terminal resistance 

The Hall bar configuration used in [I31 has eight probes (see figure I(a)). Calculations by 
means of a decoupled model [13,24], i.e. the bulk channel is totally decoupled from the edge 
states, showed that the local resistances R15.76 and R15.34 as a function of RH = R15.37 are 
basically consistent with experiment, but the peak values are smaller than the experiment. 
The mobility of the sample is 1.2 x lo6 cm2 V-' s-' wh' ich is 2.4 times the value given in 
[ 121. The other experimental parameters are the same. At a temperature of 0.45 K. impurity 
scattering dominates the ID. We may reasonably take Iq to be 2.4 times that of [12], that 
is 112 = 95 pm, In = 165.6 pm. Our calculations are based on these data. (In fact, the 
relationship between the IES length and the mobility of the sample is unknown.) 

Figure 2 gives the curves of R~5.76, Rl5.34 versus RI5,37 obtained with the decoupled 
model and with the IS. Now, we can see that the calculated peak of R15.76 obtained with 
IES is bigger than that obtained with the decoupled model, and is nearly equal to that 
of experiment (The peak of R15.76 is 10.7 for the experiment, 10.6 for the calculation 
which includes IES and 8.8 in the decoupled model.) We may explain it in this way: 
the topmost channel suffers backscattering, and non-equilibrium between it and the lower 
channels occurs. Some electrons in the lower channels will participate in the backscattering 
via IES through the topmost channel. It should be mentioned that in the calculation we 
have changed the IES length between the topmost channel and the second, one to lu/P. 
Here 123 is the IES length in the Hall plateau region where no backscattering takes place. 
When SdH oscillations emerge, the topmost channel will spread to the bulk of the sample 
depending on the magnetic field (or transmission t )  and causes a decrease in the scattering 
rate between it and the lower edge channels. Therefore, the equilibration length is changed 
and depends on the transmission probability. In the calculation U = 8 is chosen, which 
can well describe the larger-t regime, but fails in the smaller-t regime. In the smaller-t 
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1 1  , 1 I 

r 
Figure 2. Longitudinal resistances of R I J , ~ ~ ,  Ri5.u Figure 3. Non-local resistance of R g . 6  versus 
versus Hal resistance R15.37 with (bold wrve) and reflection pmbabilily r with (broken curve) and without 
without (fine curve) IFS. Parametenare taken from 1131. (full curve) IES. Parameters are taken from [131. 

regime (or higher-magnetic-field side), the topmost channel will be a bulk state throughout 
the samplet 

An interesting result is the negative values of R15.34 in the small-t regime. In this area, 
the topmost channel is strongly backscattered, while the IES is saongly dependent on the 
difference between the unequal chemical potentials of the channels. This results in more 
electrons being backscattered and lower potentials in the contact, such as contact 3. The 
negative resistance discussed here does not need inverted population of the channels as in 
[22] and [23]. 

4.2. Non-local four-terminal resistance 

Non-local resistances are measured with the help of voltage probes that are far from the 
current path. Classically the resistances decay exponentially as exp(-L/W). Here L is 
the distance from the current path, W is the channel width. However, adiabatic transport 
can survive as long as 1 mm and NFTRs will be much bigger than the classical value. This 
demonstrates definitely the edge channel picture and suppression of the IES in high magnetic 
field. Negative ms have been found in GaAs/AIGaAs hetemstructures and Si-MOSFETS in 
narrow systems, and the explanation remains unresolved [20-23]. 

We have calculated the NFIR Seen in [13]. The NFIX is plotted against the reflection 
probability r in figure 3. For comparison, the Nm in the decoupled model is also calculated. 
When the IES is taken into consideration, R3,,& will be negative in the whole regime, with 
a maximum near to the larger-r side. This is not surprising, as was indicated above. In 
such a configuration, the separation of the voltage probes from the current pathway is long 
and L/ W is larger, so that more electrons are backscattered in the section. This is enough 
to cause the chemical potential of contact 4 to be lower than that of contact 6. To confirm 
this, we have calculated the NFTR in a similar configuration which is found in [22], but 

t This indicates lhat n = 8 cannot well describe the coupling benueen the topmost channel and the lower channels 
in the whole SdH regime. We do not know whelher a suitable exists. In fact. lhe extended bulk state in this 
regime is an open question. 
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with different geomemcal parameters. The IES length is chosen to be the same as in 1121, 
because the experiment was conducted under similar conditions and the mobility of the 
sample used is nearly equal. The results are shown in figure 4. In contrast, we have not 
found any negative values for R46.37, or Rz.37 .  R37.46, R 3 7 3  (not shown). The peak of 
R46.37 approximates the experimental value, 37 51. We also found that the resistance with 
the IES is smaller than that with the decoupled model. This can be undentood: the extremely 
large NFIT rests on the adiabatic transport. IES will weaken it; a decrease in resistance is 
expected. If I s  were strong (short IES length) N m  could approximate its classical value. 
This is verified by our calculation (not shown). We have set 112 = 0.3 pm, 123 = 1.0 pm and 
found that the NFTR will be nearly zero for a reflection probability of up to 0.7. However, 
there is a peak around 0.85, but its value is only about one third of that for weakly coupled 
channels. 

r 
Pigure 4. Non-local resistances of Ra6.37 versus 
reflection probability I with (fdl c w e )  and wilhour 
(broken curve) as. Parameten are &n hom 1221. 

By using a ‘dirty’ contact (high contact resistance), negative resistances were discovered 
in [22] and 1231. Our calculations do not show such negative L m s  and m s .  Therefore, 
the negative resistances in these experiments are produced by non-ideal probes. The 
involved disordered contact is difficult to describe, i.e. the transmission and reflection 
probabilities for each incident and outgoing channel cannot be determined definitely. 
Anyway, if we can add the elastic scattering effect of a non-ideal probe to equation (3). 
negative resistances should be expected. The negative resistances in very narrow systems, 
we believe, also originate from the transport through coupled edge and bulk states. The 
observed characteristics of negative resistances in [20], which are nearly in antiphase relative 
to the positive resistances, and emerge at the beginning of the Hall plateau, can be understood 
f” our calculations. Positive resistances appear in the smaller-r regime, while they are 
negative on the larger-r side, and peak at r = 1. (See figure 3. In the experiment, the 
antiphase effect is possible because the relationship between magnetic field B and reflection 
probability r is non-linear.) To quantitatively study the transport properties in narrow 
systems, it is necessary to take into account backscattering in the junction which is caused 
by geometric scattering, as the radius of CUNatUre in this area is comparable with the 
magnetic length, and strong geometric scattering is possible [25]. 

5. A brief summary 

In conclusion, we present a phenomenological formalism to describe the effect of IES on 
the change of chemical potentials of unequally populated channels, and extract the IES 
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length from experiments by using the method of least squares. The backscattering in the 
regime between Hall plateaus was modelled by barriers in each section of the Hall bar. 
The equations which govern the chemical potentials and the transmission probability for 
the topmost channel are built up. IES between nearest-neighbour channels is explicitly 
incorporated. The calculations of local and non-local resistances with an IES length deduced 
from the experiment in the three-channel case are in better agreement with that of the 
decoupled model. We are the first to report the negative resistances by calculation. Thus 
wedemonstrate clearly that the negative resistances found in high magnetic fields are caused 
by the transport through coupled edge and bulk states. The ms are strongly dependent on 
the geometry of the Hall bar since the number of barriers is dependent on the length-width 
ratio, while the equilibration of the unequally populated channels due to IES depends on the 
electrons' travelling distance and this length relative to the IES length. Our method can be 
applied to disordered contacts and gate-induced backscattering as well as the backscattering 
in narrow systems. 
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